In this paper we describe the local limits under conjugation of all closed connected subgroups of SL 3 (R) in the Chabauty topology.
Introduction
Let G be a locally compact second countable group. The set Sub(G) of closed subgroups of G may be endowed with the Chabauty topology, with which it is a compact space. The Chabauty topology was introduced in several places, among them [Cha50, Fel62] . For an overview we recommend [dlH] . We are interested in convergence in the Chabauty topology, which for a locally compact second countable group can be defined as follows:
Definition 0.1 (See [CEG87] ). A sequence of closed subgroups {H n } ≤ G converges to H ≤ G if the following two conditions hold 1. For every h ∈ H, there exists a sequence of elements h n ∈ H n so that h n → h.
2. Given a sequence of elements h n ∈ H n , for every convergent subsequence (h nk ) → h then h ∈ H.
A group H ≤ G converges to a group L ≤ G under conjugacy if there exists a sequence p n ∈ G such that p n H p −1 n converges to L in the sense of the definition above. A connected subgroup H locally converges to a connected subgroup L under conjugacy if there is a sequence g n ∈ G such that g n Hg −1 n → L ′ and L is the identity component of L ′ . See [CDW18] section 3.1. Let G = SL 3 (R). Our main result is a description of the local convergence of connected subgroups of G. Note that we consider subgroups up to conjugacy, and use the classification of subalgebras of g up to conjugacy by Winternitz [Win04] , their images under the exponential map are connected subgroups of G.
Theorem 0.2. The local convergence of the connected subgroups of SL 3 (R) of each dimension is described by the chart of limits in the corresponding section in the paper.
The connected subgroups of SL 3 (R) were classified by Winternitz [Win04] , who provided a full list of subalgebras of sl 3 (R) up to conjugacy. We have written a section for each dimension of subgroups. In each section, we first list the subgroups together with their normalizers and properties, and then we provide a chart which shows which groups locally limit to others by conjugation. Following each chart, we prove that this is indeed the complete chart of limits.
Theorem 0.2 gives a partial understanding of the closure of the connected subgroups in Sub(G) in the following sense. The conjugacy class of each connected subgroup H ∈ Sub(G) is a subspace homeomorphic to G/N G (H). The closure of the conjugacy class of H in Sub(G) consists of conjugacy classes of subgroups whose identity components are the local limits of H described by our main result.
Using work of [CDW18, vdD03] we prove the following proposition which is a component of the proof of Theorem 0.2. Proposition 0.3. Let G = SL 3 (R) and let H ≤ G be a connected subgroup and L a local limit of H. Then dim H = dim L.
Note that this fails in SL 4 (R) as shown in [CDW18] . This also implies that the local limit can be seen as a limit of the corresponding Lie subalgebras under the Ad(G) action.
In all but a few cases the homeomorphism type of all of Sub(G) is still unknown. However, progress towards understanding the topology has been made on the Heisenberg group by [BdlHK09] , on R × Z by [Hae10] , on the set of Cartan subgroups of SL n (R) by [Lei16, Lei14, Hae12] , on R 2 by [HP79] , on R n by [Klo09] , and [CDW18] make progress on limits of symmetric subgroups in PGL n (R).
The Chabauty compactification Sub(G) may be used to compactify Bruhat-Tits buildings or symmetric spaces, by identifying points in those spaces with their stabilizers in G viewed as points in Sub(G 
Notation and Methods
As a convention, throughout the paper: a, b, z are parameters for infinite families, s, t, * are variables. We think of C as ( * * ), and C * as ( s t −t s ). We avoid using set builder notation as it is clunky. We begin by proving Proposition 0.3. To do so, we first review some theorems which we apply throughout the paper.
Theorem 0.4 ([CDW18] Theorem 3.1). Let G be an algebraic group (defined over C or R). Suppose that H is an algebraic subgroup and L a conjugacy limit of H. Then L is algebraic and dim L = dim H.
A more general notion than an algebraic group is a definable group, in the sense of an O-minimal structure, see [Cos99] . Many of the properties of algebraic sets carry over to this more general setting. Proposition 3.1 in [vdD03] implies that the limit of a definable group is definable, and the dimension stays constant under taking a limit. There is an example of a non-definable group in [CDW18] section 3.2, where the dimension of the limit increases.
There are three flavors of non-algebraic groups among connected subgroups of SL 3 (R):
here the · can be zero or any element of R. The first and last are infinite families of groups, since we can choose any fixed a, b ∈ R or z ∈ C. The second item is only one group. The first two families are definable where the O-minimal structure defined including real exponential functions, so by [vdD03] limits cannot increase in dimension. The last family of group is not definable, since e zt is not definable in any O-minimal structure. There are (up to taking transpose) two families of groups of this sort:
and W z 3,8/9 := e zt * 0 e −2R(z)t .
We will show both these families of groups have limits which stay constant in dimension. The next lemma, which mirrors the idea in the proof of [CDW18] Theorem 3.1, covers the one parameter group W z 1,2 and Lemma 0.6 completes the proof for W z 3,8/9 . Lemma 0.5. Limits of W z 1,2 are 1 dimensional.
Proof. Set H = W z 1,2 , and suppose for contradiction that there exists a sequence g n ∈ G such that g n Hg −1 n → L and dim L > 1. Thus the number of components of U ∩ g n Hg −1 n goes to infinity for every small enough identity neighborhood U. In other words, there exists a sequence h n ∈ H such that g n h n g −1 n → 1 in G and for all small enough open neighborhoods U ⊂ G and large enough n, then g n h n g −1 n is not in the identity component of U ∩ g n Hg −1 n . On the other hand, the weights of H are e −2at and 2 imaginary weights. So H acts with a positive translation length on the associated symmetric space. Therefore, there are identity neighborhoods V ⊆ U of G which can be chosen arbitrarily small such that if ghg −1 ∈ V for g ∈ G and h = exp(X) for X ∈ h then g exp(tX)g −1 ∈ U for all t ∈ [0, 1]. This contradicts the sequence g n h n g −1 n above.
Lemma 0.6. Limits of W z 3,8/9 are 3 dimensional.
Proof. Set H = W z 3,8 for some z iR, and assume that g n Hg −1 n → L we wish to show that dim L = 3. We first reduce to the case g n are upper triangular. Use the Iwasawa decomposition to write G = KB where K = SO(3) and B is the subgroup of upper triangular matrices in SL 3 (R). Hence we can write g n = k n b n for k n ∈ K and b ∈ B. By compactness of K we may assume, up to passing to a subsequence, that k n → k. Thus b n Hb −1 n → k −1 Lk, we are done since dim k −1 Lk = dim L Now, both H and B are contained in the parabolic subgroup
, and hence it suffices to look at limits in Sub(Q). Let p : Q → GL 2 (R) be the homomorphism sending a matrix in Q to its upper left 2 × 2 block. This homomorphism induces a pullback homeomorphism p * : Sub(GL 2 (R)) → {H ∈ Sub(Q)|H ≥ ker p}. The image of H is the 1-dimensional subgroupH = (e zt ) ∈ Sub(GL 2 (R)). Again,H acts with positive translation length on the associated symmetric space
As in the proof of the previous lemma, limits of conjugates ofH in Sub(GL 2 (R) are 1 dimensional. Let L be a limit of conjugates of H, then L ≤ p * (L) for some limitL of conjugates ofH. Since ker p is 2-dimensional, andL is 1-dimension, then p * (L) is 3-dimensional. Hence L is 3-dimensional.
We will also extensively use the following propositions from [CDW18, CLV] to identify which subgroups cannot limit to other subgroups.
Denote the normalizer of a subgroup H ≤ G by N G (H). Denote the connected component of the identity by H 0 . The next theorem says that the dimension of the normalizer increases under taking a limit. The same statement works for non-algebraic groups as well as long as the dimension does not increase when taking a limit. In this case, taking a local limit of groups by conjugation is equivalent to taking a limit of their Lie algebras by Ad(G) action, and the same proof idea works.
Any element A ∈ gl(n) has a well defined characteristic polynomial, denoted char(A). Given a Lie subalgebra h ⊆ gl(n), we denote by Char(h) the closure of the subset {char(A) :
. Thus Char(h) is closed and invariant under conjugation of h. The next proposition implies that limits have smaller sets of characteristic polynomials.
Proposition 0.8 ([CDW18] Proposition 3.4). Suppose H is a closed algebraic subgroup of GL n (R), and L is a conjugacy limit of H. Then Char(l) ⊆ Char(h), where h, l ⊂ gl(n) denote the Lie algebras of H and L respectively.
The next proposition implies that limits of abelian groups are abelian. A group H satisfies a universal relation if there is a finitely generated free group F and a word w ∈ F such that for all homomorphisms θ : F → H we have θ(w) = 1.
Proposition 0.9 ([CLV] Proposition 2.2, idea due to Daryl Cooper) . If H ≤ G satisfies a universal relation, w, then so does every G-conjugacy limit L of H.
To organize the local limit charts of Theorem 0.2, we note that by Proposition 0.3 we can treat each dimension separately. In view of Theorem 0.7, normalizers of (non-conjugate) limits must increase in dimension, it is therefore convenient to arrange the columns (or rows) of the chart by the dimension of the normalizer. Arrows thus can only go to the right (or down if arranged by rows). To complete the proof in each section, we need to provide a conjugating sequence of matrices for each arrow in the chart, and prove nonexistence of any arrows from left to right (up to down), which we do using the remainder of the theorems and propositions from this section.
Dimension 1

Name
Group Normalizer Properties
Recall a, b ∈ R are fixed. Here we say W (a,b) 1,1 is singular if some of the weights match: either a = b, a = −(a + b) or b = −(a + b). We abuse notation and denote the nonsingular case by W a b 1,1 and the singular case W a=b 1,1 , and use this notation throughout the rest of the paper. Note that if z ∈ R then W z 1,2 = W (a,a) 1,1 . Therefore we abuse notation in writing W z 1,2 to assume also z R. The possible local limits of each group are represented in the following transitive chart.
We give a sequence of conjugating matrices for each arrow that appears in the chart:
Recall we have assumed z R. Next we explain nonexistence of the missing arrows. The first subscript of the group in the normalizer column is the dimension of the normalizer. Theorem 0.7 explains the missing arrows except for W 1,5 → W a=b 1,1 , W a b 1,1 → W a=b 1,1 , and W z 1,2 → W a=b 1,1 which follow from Proposition 0.8.
Dimension 2
Name Group Normalizer Properties We have put the abelian groups in red to distinguish them. Excluding limits of W 2,1 the computations for abelian groups appear in [Lei16, Hae12] . We first give the computations for the remainder of the arrows which do appear in the chart. To finish the limits of the abelian groups, we see W 2,1 → W 2,3 by diag n, 1, 1 n . Next we compute all of the limits of the nonabelian groups. The next two limits are done by first conjugating by a permutation matrix to move the free element to the upper right corner, and then applying the sequence shown.
It remains to prove nonexistence of the missing arrows. By Proposition 0.9 limits of W 2,1 are abelian groups. By Proposition 0.8 the nonabelian groups can only limit to unipotent groups, which finishes the argument.
Dimension 3
Name Group Normalizer Properties
Heisenberg algebraic We compactify notation to write a group and its transpose in the same line, for example: W 3,8/9 . We show the full chart of local limits is as follows: We first give the computations of the remainder of the limits where we write computations for the transpose in the same line.
the last limit includes W 3,2 and W 3,3 as singular cases. Finally,
Now it remains to prove nonexistence of the missing arrows. By Theorem 0.4 limits of W 3,7 are algebraic. Proposition 0.8 rules out the rest of the options for limits of W 3,7 except for W 3,5/6 . Proposition 0.10. The only possible values of (a, b) for the groups W a,b 3,5/6 which can appear as limits of W 3,7 are conjugate to W 3,5/6 with b = 0.
Proof. Using the standard Iwasawa decomposition argument, any limit of W 3,7 is conjugate to a limit under an element of the Borel, B. Conjugating by an element of B leaves the diagonal invariant. Thus the limit must either be unipotent, or is conjugate to an upper triangular group with diagonal e t , 1, e −t . In the case W 3,5 the possibilities for the limit group are a + b = 0 or b = 0 which are conjugate by a permutation. For W 3,6 we see a = 0 and b = 0 are conjugate.
Next W 3,1 is algebraic, and so its limits must be algebraic, and by Proposition 0.8 its limits must have real weights. Thus W 3,12 and W 3,8/9 cannot be limits because they have complex wieghts. So the only possible limits are the algebraic groups in W (a,b) 3,5/6 where a, b ∈ Q. By Proposition 0.8 the only possibilities are the singular W (a=b) 3,5/6 .
Proposition 0.11. The group W 3,1 limits only to singular groups among W (a,b) 3,5/6 .
Proof. The subgroup W 3,1 is contained in the Borel B. Since SL 3 (R) = SO(3)B and SO(3) is compact, it suffices to consider conjugating only by sequences of elements g n ∈ B. Notice B = W 3,1 N ′ where W 3,1 contains A, the subgroup of diagonal matrices, and N ′ = {I + tE 1,2 + sE 2,3 |t, s ∈ R} (notice N ′ is not a subgroup). So, it suffices to consider g n = I + t n E 1,2 + s n E 2,3 ∈ N ′ , and to assume that such a sequence is unbounded, i.e t n → ∞ or s n → ∞. Now, if
with a n b n c n = 1 is a sequence of elements in W 3,1 so that h g n n converges then the entries (h g n n ) 1,2 = s n (a n − b n ), (h g n n ) 2,3 = t n (b n − c n ) converge. Thus either a n − b n → 0 or b n − c n → 0 depending on s n → ∞ or t n → ∞. This shows that on the diagonal of the limit two of the entries are the same. The only possible limits which are algebraic, conjugate into B and have two equal entries on the diagonal are W (a=b) 3,5/6 . Indeed,
It is not possible for W z 3,8/9 with z i to be a limit of another group, since W z 3,8/9 for z i is not algebraic and W 3,13 = SO(2, 1) and W 3,14 = SO(3) are algebraic. Also W z 3,8/9 cannot be a limit of W 3,1 or W 3,7 by Proposition 0.8. Finally, it remains to check that W 3,4 is the only possible limit of W z 3,8/9 . Since Proposition 0.8 implies limits of W z 3,8/9 are unipotent, the only possibility is the limit we computed above to W 3,4 .
Dimension 4
Aff(R 2 ) algebraic
The chart of local limits is as follows. 
4,6 is the only possible limit of the first 5 groups, and limits of the first 5 groups are algebraic. Notice W (a,b) 4,6 is algebraic for a, b ∈ Q, but we claim only the singular groups W (a=b) 4,6 are possible as limits of the first 5 groups. Apply the Iwasawa decomposition G = KNA, and notice we only need to conjugate by elements of B = NA, since K is compact then conjugating by elements of K will not change the limit.
To show that W 4,3 → W (a b) 4,6 , we note that B = W 4,3 U, where U = {Id + t · E 1,2 }. So it suffices to consider conjugating by sequences in U. But this is what we computed in the limits of W 4,2/3 above. Similarly W 4,2 → W (a b) 4,6 . To show that W 4,1 → W a b 4,6 , recall it is only necessary to check conjugation by elements of the Borel group. But W 4,1 B = W 4,1 N where N = I + nE 13 + mE 23 . Any element in N can be left multiplied by an element of W 4,1 to get an element of N with n = 0. This is the sequence for which we already computed a limit above.
Finally W 4,4 , W 4,5 → W a b 4,6 by Proposition 0.8, since if W 4,4 , W 4,5 have real weights then two of them must be equal.
Dimension 5
The space of conjugates of any parabolic subgroup is closed, so the chart of local limits is three isolated points.
Name
Group Normalizer Properties 
